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Hurried
•boat Rigorously define the Leroy projection

on Pi
,
Pitt " and apply it to the

incompressible Navier Stokes equations .

• Plan :\ Some motivation
-

2) Leroy Systems
hathlniqueness
2b) Eristence



Motivation
bing.pwek-reguah.ae :

✓
tissue !

fyut-fu.TT)u
= - Xp -w0u+F, in Dixon

divu =o
,

in Bixio,o)

why ? Formally, take divergence ofthe Gist line :

dirty ) = (divu)t=0
,
divftp ) = -Ap

divide )=☐divu=o .



/Motivation
dirru.HU = E)¥ j£, "i ?÷j

= if, :÷÷i + FI " :-, E.÷i
n

= i.j.FI?&-j+&.ui.?-.diuu
me

= :&, ¥i%÷j .



Motivation
Hence

, |-op=j£÷;¥j-dir
-

↳ Poisson equation !

Thus! if frat :=j£÷i¥j - dir F then

prx )
= /☒x -y) fly)dy → Montreal!

pi
-

Fundamental soln of Laplace 's*

Assuming ftp.u decay rapidly .

equation



Motivation
Question : Can we reformulate tens ) without the

pressure term ?

Anne : Yes !

let u :P
"
→ Pi be smooth and rapidly

decaying .
The Fourier transform of u is

1-In}ry) = ^ury ) = ¥y,/um e-
ix.

ydg-uectoep.tn



Motivation
The inverse Fourier transform of u :

f-In}rx ) = uvrx) =µ/ very) ei"'t dy
pin

The Kray projection of u :
Blu )=u - DE ' rdivu )

Fourier
which is understood in the sense

⑦ In) = f-
'

{Sry) Ny)} Sry) = In -EF0M
1YF



Motivation
P-roperties-of-k-bray-pegiction.LTueapit.ie . smooth and rapidly decaying .

.

1) PIPIU) ) = Piu )
2) dir Piu) = 0

3) If diru=o then 1PM)=u .

4) If pe SIR
" ) then PN7P ) = 0 .

5) If pe Sipi) then

ftp.pruhypy-opw-of. D- 4) Exercise
.

☐



thoof-of Since the Fourier transform is an

isometry from HR ") → EAR " )
,

Hp , 1PM)iypn, = ( Http}, 731PM) } )w☒n)
=

ftp.nipryly.f-tn-YI#iiryl)dy--fipry)y.ury)dy-fipry) y.FI#uiry)dy
pin pi

Since y.FI#ii-- £
** %÷Y

" = Y.ir it follows

Hp , 1PM)ypn)=£i Fly)y .ci/yIdy-fipry)y.iiry)dg--o☐



Motivation
Return to AN D)u= - Dp+vOu + F

diru -

- o

ctpply P : • Prut ) = Pint = Ut
• IP1P p ) = 0

Write An := - prom)
,
Bru,v) - Piru .ph)
↳ Bilinear↳ Stokes operator

Ñ : t → ( ✗ tune, t ) ) ← in maps time to

a function .



Then nns,
aol.potaiah.org

it dñ + v Air + Brie,ñ)= P1F )
at

↳ Functional differential equation
Benefits:
• Sot rid of p .

• Can use 1*1 to define notion of weak
solution

.



←Egaratoe_ An := - Phu)

why isn't A=-Pou= - 01PM ) = -ou ?

• On RY7
"

this is true
.

• On a founded domains
,
this is not

always true .

. On R
" ? ? ?



Tray Systems-1
Probbm:_ Given a vector field F:R"→Pi

can we write F as the sum of a
divergence free vector field and a
conservative vector field ?

i.e. Given F:Pi→R" can we find v. pi→pi
and p :B

"
→ R such that

{
f- = ✓ + Pp
divv = 0 ?



Leroy Systems1-1
• This is called the Helmholtz decomposition
since we are working on Pi

.

• If we considered the problem on a founded
domain 5h with

"

no - slip
" condition u=o on

ID then this is called the Helmholtz - brag
decomposition .



|hySystems-
Formally , take divergence of both sides :

dir F = dir Iv -1 Pp ) = Ap

Hence
, p=

'

dir F .
It follows

✓ = F - Pp = F- DA
'
dir F

YE
• ☒(F) projects F into space of divergence -free v. f.s .

• To rigorously define IP we need existence & uniqueness of
tiny systems .



lkui-gueness-feraytystems-I.BY
linearity : it is enough to

understand the case -5=0 .

• F=0 MD ✓= -Dp , dir ✓= 0 ~D Bp = 0 .

Liuwww.u-ahiays-up#funclion--

Suppose F. v
, p are smooth .



Suppose peL9R
")

, qean'pT_| Suppose ✓c- LUR
"

;R
") ,

mean- value formula GE [1,0)

pal
! f pry)dy KR>Yet u be harmonic w/ Rueda;pijHitler BR1X)

p
→ p+u ,

v→ v - a

inequality -1.1%1
"↳
Up"µpi) is still a solutionIBRIK) /

ECR-%11pkqp.my / The is harmonic → Du =D

Send R→N
, prx )=O .

↳ use)= to, be R

Solutions are unique . Y-ho.ae are unique up tothe addition of a constant
.



ÑÑf
Suppose ftp.v are periodic .

• F =o→ p is harmonic
↳ Liouville 's them ⇒ p is a constant

Solutions are unique up to a constant
.

Remarks:_ 1) Since only Xp appears in MND, this

freedom almost entirely irrelevant to us .

2) We can remove this freedom by
taking Spy, pdx=0 .



Note : Suppose only F. v are periodic .

Then we can modify p by a harmonic

function in which need not be periodic, but
whose gradient Th is periodic .

Since The is harmonic
,

Liouville 's them ⇒ The __ a for some AE1R
"

.

↳ Uk )= a. ✗ + to ,
be Pi

Solutions are unique upto affine function .



HE |braySystms_
III.
For each FEAR")

"

, define

P1F)= F-
'

b Sry)Éy } , Sry) -_ In -10%-2
By our previous calculations

✓ = P1F)
, p=Ff - iY;y}_- o'dirt)



How lets> 0
.

For each u c- EAR
"

;pi )
, define

Hutten;N=µrHlyiPluryFdy )
"

pi
= ✗ IHIYT)%ñ HEAR";pi)

and the fractional Shola space

HT1R
"

;|R
" )={ueHpi;Rm) / Hn\µqpi;pm )

<°}



• It is well- known that SARI
"

is dense
in HS1R"; Pi ) .

• Moreover
, for each FEAR ")

"

,

✗ IPIF)Hµqpi;pn) ⇐ C1T-4HR";pi)
( See exercises at the end)

• Hence
,
P can be continuously extended to
tipi;pi )

.

• Similarly, D-
'

dir can be extended to a map from
HS4R

"

;pi ) → but DuEHYBi;pi ) }
.



LEI Gray systems1-
|tnÉJ Expand F. up in terms oftheir
Fourier series :

FH ) = { F-(b) eZTik.sc Eye ) =/Fix ) e-
"Tik . "

d,

KEIN
Rnzn

✓ Bc ) = { I (b) eZTik.sc In)=fvrx) e-
"Tik . "

d,

KEIN
Rnzn

Pbc ) = { ftp.jeZTibikfw-fprxje-2tih.xd,
KEIN

Rnzn



Since F. v, p are smooth
,

F-ii. p^ are
rapidly decreasing on Pi .

[
= F- Xp ⇒ [

1k)=Ék) -2TikÑrk )

divv=o 2Iik.TK ) = 0

for each be In
.

We have a decoupled system of vector egns !



Taking the inner product of the first
equation w/ k gives :

0=1 . F- IK1-2TI 1kt park )

If k -1-0 then

file)= tg¥ ,
in - EK1-4KI, )

If k=o then if )=ÉH & pro) is arbitrary .



Thus
,

prx )=C + I {%→e⇐ik . "

KE7-4GO}

vrx) = Fro) + [kc-znv.org/#k)-kftejF,-f))e2iTik.x
Again, p= C1-5WF

✓ = F- D8dirt



EWWCgefw.ee dinner in distribution sense

tdf-fuc-LYR.IR?)/fpTuTDQdE-o for all YEAR'S}
Hcf-tuc-LYR.IR?)/fu.avd4dx--o for all of c- rooms)P}
E-
curlu=o in distribution sense

(a) Show Hdf , Hop are closed in LT1R'; Rs)
and

L2W; Rs) = Hdf to Hcf
(b) Show that on HR5R')

,
☒ is the orthogonal

projection to Half
(c) Show that P is a non-expansive map on HT1R>; Rs) , tszo .


